Unambiguous comparison of unitary channels 
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We address the problem of unambiguous comparison of a pair of unknown qudit unitary channels. 
Using the framework of process positive operator valued measures (PPOVM) we characterize all 
solutions and identify the optimal ones. We prove that the entanglement is the key ingredient in 
designing the optimal experiment for comparison of unitary channels. Without entanglement the 
optimality can not be achieved. The proposed scheme is also experimentally feasible. 
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I. INTRODUCTION 

The unavoidable uncertainty of quantum predictions 
represents one of the key features of quantum theory 
[l|, It might seem surprising at first sight, but even in 
probabilistic theories there are problems in which error- 
free nontrivial conclusions can be based on single ex- 
perimental events (clicks). Consider, for example, the 
Stern-Gerlach experiment in which the spin of a particle 
is measured along the z axis. Finding the outcome spin 
up implies that the particle was not for sure in the spin 
down state. In general, this information does not seem 
to be very useful. However, if we have additional infor- 
mation that the spin was either g, or spin down, then the 
outcome spin up identifies the spin state g. 

A class of problems extending this example is known as 
unambiguous identification problems. Over last decades 
authors have investigated unambiguous discrimination of 
states @,|J,IEIS&laS]i channels [10|, and observables 
[T3 |. All these works are showing that single clicks can 
give us nontrivial information about all types of quantum 
devices. In their seminal work Barnett et al. [1 31 ] intro- 
duced the concept of unambiguous state comparison. In 
this problem an experimentalist is given two preparators, 
each producing a single quantum system in a particular 
pure state. The aim is to compare produced states. It 
turns out that in all possible experiments only the differ- 
ence of the compared states can be unambiguously con- 
cluded. We can never confirm experimentally (without 
making some error) that two unknown pure states are 
the same. Different versions of unambiguous state com- 
parison have been investigated in [3, EH, HH • 

The goal of this paper is to investigate a comparison 
of quantum devices implementing unknown unitary chan- 
nels. Such universal comparator of unitary channels can 
be of use, for instance, in the calibration and testing of 
the quality of elementary quantum gates. 

Quantum channels arc tested in two steps. First we 
prepare a so-called test state and apply the channel. Af- 
ter that the output state is measured. Therefore, it is 
natural to employ a state comparator to compare the 
channels. As we shall see these two problems are indeed 



closely related, but there are also important differences 
concerning the optimal strategies. We shall elaborate on 
this point later. 

The paper is organized as follows: in Section II the 
problem is reformulated in the framework of process pos- 
itive operator valued measures (PPOVM) and existence 
of a solution is shown. The optimal solution is described 
in Section III together with its uniqueness. The last sec- 
tion is left for summary and conclusions. 



II. FORMULATION OF THE PROBLEM 

Consider we are given two black boxes implementing 
unknown unitary channels £jj and £y on qudit, i.e. d- 
dimcnsional quantum system. Our task is to unambigu- 
ously decide whether the black boxes perform the same 
unitary channels, or not. More formally, whether a pro- 
cess implemented on D — d x d dimensional quantum 
system by the pair of devices is described by a channel 
£u ® £v with U ^ V, or by a channel £jj ® £\j. As in 
any comparison problem we implicitly assume that the 
probability that the channels are the same is nonzero. 
Otherwise the problem would be senseless. 

Let us note that unlike preparators (represented by 
states) the processes (associated with channels) can be 
used sequentially. In general, this is an important dif- 
ference between the usage of preparators and processes 
providing us with a resource of a potential use. However, 
it does not give us any advantage in the case of the con- 
sidered comparison problem. In particular, one cannot 
distinguish whether the product of two unknown unitary 
channels is £jj o £ v (for U ^ V), or £jj o £ v , because 
for any unitary operator W there exist unitary operators 
U,V=£W such that W 2 = UV. 

The experimental procedure for the comparison is il- 
lustrated in Figure [1] Using each of the quantum boxes 
at most once the experiment will end by a measure- 
ment, whose outcome uniquely determines our conclu- 
sion. In particular, the experiment consists of three 
steps. At first, we prepare a so-called test state £ £ 
5(H ai ic ®H.d® Ti-d), where H anc is the Hilbert space of 
some ancilliary system. After that black boxes are ap- 
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FIG. 1: Experiment for comparison of two unitary channels 
£u, £v- 



plied and a measurement F on the whole system includ- 
ing the ancilla is performed. Measurement outcomes are 
associated with effects F same , Fam, F? forming a three- 
valued POVM, i.e. 

O < Fsame, Fjiff, F? < I ; F? + F sam0 + Fdiff = I . 

As in any unambiguous identification problem the in- 
conclusive outcome F? is needed in order to make the 
conclusive outcomes F samc ,Fjiff unambiguous. In fact, 
we shall see explicitly that F? ^ O. An outcome 
x 6 {same, diff, ?} is observed with the probability 

p x (U ® V) = tr[F x (J anc ®8u® 8 V )[€]] > (2-1) 

where £jj['] — U ■ U\ £vY\ — V -V' are unitary channels 
implemented by the black boxes. 

Our goal is to characterize all possible experiments 
(determined by pairs £, F) performing the unambiguous 
comparison of unitary channels and identify the optimal 
strategy. The figure of merit for the optimization will 
be specified in details later. The analysis can be signifi- 
cantly simplified by adopting a framework introduced in 
Refs. [U 13- According to work [ljj each experiment 
measuring some parameters of a channel can be decribed 
by the so-called process POVM (PPOVM). The key idea 
behind the PPOVM framework is that each experiment 
can be understood as a fictitious experiment using the 
maximally entangled state as the test state. In particu- 
lar, in this framework channels acting on D dimensional 
quantum systems are represented via Choi-Jamiolkowski 
isomorphism 0, [2(| by operators 



(1 ® 



(2.2) 



defined on D 2 -dimensional Hilbert space, where ^ 



I and !*£>) = T,f=i li)® |i>< Let us note that in 
this parametrization tr[u>£ ] = D. For a given pair of test 
state £ and observed effect F x there exists an operator 
O < M x < Id® Id on D 2 -dimensional Hilbert space such 
that p x — tv\u!sM x ] — tr[(X(g> £)[£]Fe] for all channels £ . 
Moreover, the normalization condition Y) T M x — g T ®Id 
holds, where g is a state of /^-dimensional system and g T 
denotes the matrix transposition with respect to basis 
used in the definition of the maximally entangled state 
^J. Let us note that for a given PPOVM, i.e. a set of 
positive operators Mi , . . . , M n such that J2x M x — g T ® 



D 



Id there exists many different experiments with different 
choices of test states and POVMs [l7|. In particular, 



consider a PPOVM such that Mj 
Since the identity 



Fj for all j. 



trpfe]*i] = ^K 1 ® £){^ + d\{q T ® Fj)] = tr[u>sMj] 

holds for all qudit channels £ and all qudit operators p, F, 
it follows that this type of PPOVM can be realized by 
using a single ancilla-free test state g and performing the 
measurement described by POVM consisting of positive 
operators Fj. 



A. Requirements on unambiguous comparators 

Translating the comparison problem into PPOVM 
framework we set D — d 2 and associate the two black 
boxes acting on d-dimensional systems with operators 



{I D ®U® U)V%(I D <8 C/ f <8 U ] ) . 
{Id®U® V)^ d {I d ® f/ f ® V r ) 



(2.3) 
(2.4) 



where 
-,+ 



: |*+}(*+ 1 and |<F+} 1234 = |^ /13 
*d>24 G Ti-T- Operators M samc , M dis , M? defining the 
PPOVM have to satisfy following no-error conditions en- 
suring the unambiguity of the corresponding conclusions: 



Pam{U®U) 
(17® V) 



tr[u U0U M diS } 

tr[w(/0yM sam( 











for all U, V € U(d), where U(d) denotes the group of 
unitary operators on (i-dimensional Hilbert space. 
Defining average channels as 



A[X] = f 

T[Y] = f 
Jv 



dUUXU^ , (2.5) 



dU{U ®U)Y{U^ ®U^), (2.6) 



the above conditions can be equivalently rewritten as 



= tr[(Zi2®T 3 4)[*J]M diff ], 
= tr[(Ji2 <8 A 3 (8 A^dW* 



(2.7) 
(2.8) 



because all the relevant operators are positive. The ac- 
tions of the twirling channel T and the average channel 
A are derived in Appendices. In particular, 



A[X] 



d 



tr[FP_] 

d- 



P- 



(2.9) 
(2.10) 



where P± are projectors onto symmetric and antisym- 
metric subspaces of Hd ® T~td, respectively, and d± = 
tr[P±] — d(d ± l)/2 are the corresponding dimensions of 
these subspaces. Let us note that P± = \ {I ± S), where 
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S is the swap operator acting as S\ip) ® \ip) = \ip) \tp) 
for all ip, ip G Hd- Using these expressions we obtain 



and since 

T[|jm)(fcn|] = ^-J-(fcn|P s |jm)P s 

, a s 
s=± 

= ^ ^-(<5jfe^mn + sSj n S m k)Ps 

we have 



(2.11) 



WT - (X12 ®T 34 )[(*+)i 3 ® (^) 24 ] 

= 2J U"l)l2(fen| ® 734[|j^)34(fcn|] 



j,k,m,n 



= -^-^2[\jm)(jm\ + \jm)(mj\ <g> P + 
+ — ^[|jm)(jm| - |jm)(mj|] ® P_ 

= X)[(lJ' m ) + l"y'»(0""*| + ( m J'l)] ® p + 



3,m 



P- 



Putting all formulas together the conditions in 
Eqs.([2T7 | .([2lj] ) take the form 



(2.12) 







tr[w T M diff ] , 
= ^tr[/f 4 M same ] = tr[M 8ame ] . (2.13) 

Since Af samc , Mdiff are positive operators it follows that 
M same = O and Mdiff has support in the orthocomple- 
ment of u> T . Consequently, we can unambiguously con- 
clude only that the unitary channels are different. We 
can formulate the following proposition. 

Proposition 1. If a PPOVM M samc , M dlS , M? describes 
an unambiguous comparison of arbitrary unitary chan- 
nels, then necessarily 



suppMdiff -L suppwr ; 



= 0: 



M, = g (S> Id ~ M diS . 
for some state g G S(Hd ® 'Hd)- 



(2.14) 



III. OPTIMAL UNAMBIGUOUS 
COMPARATOR 

Following the previous section as a figure of merit for 
unambiguous comparators of unitary channels we shall 



use the average conditioned probability of revealing their 
difference 



Pdiff 



dUdVpdi&(U ® V) 

U(d)xU(d) 

tr[(2i2 ®A 3 ®A4){y D ]M dm } 
1 . 

-^tr[M d iffJ . 



(3.1) 



The overall average success probability equals (1 — 
%amo)Pdiff> where ?7samo 7^ is the prior probability for 
channels being the same. This prior is independent of the 
particular PPOVM {Mdiff, M?} and therefore we shall 
use only the conditional average probability to evaluate 
the quality of the unambiguous comparison strategy. Our 
task is to maximize the conditional success probability 
Psucccss = Pdiff by finding a positive operator Mdiff de- 
fined owTLd^Hd together with a state g G S(Hd) such 
that also the operator M? = g T £g> Id — Mdiff is positive. 
Before specifying the optimal solution let us prove the 
following upper bound on the success probability. 

Theorem 1. If a process POVM consisting of positive 
operators Mdiff, M? with normalization Mdiff+M? = g T & 
Id unambiguously compares an arbitrary pair of unitary 
channels, then 



< 



d+l 
~2d~ 



(3.2) 



Proof. The validity of the no-error condition 
tr[u;r Mdiff] = implies that supports of Mdiff and 
lu-t are orthogonal. Let us denote by |si), . . . , \sd + ), 
|ai), . . . , |a<j_) the vectors forming orthonormal bases of 
symmetric and antisymmetric subspaces of Hd <8> Hd, 
respectively. Then supp ujt = span{ | Sj ® Sfc), | a m ® a n ) } , 
where j, k — 1, . . . , rf + and m,n = 1, . . . , c?_, and because 
of the mentioned orthogonality 

suppMdiff G span{|sj ® 

Si)}- (3.3) 

It follows that in a spectral form 

Mdiff = J2 A « I >(&» I. (3-4) 

a 

where < A Q < 1 and 

\<t><*) = Y,°nM n ® S ^ + d Jn\ s 3 ® On) ■ ( 3 -5) 
nj 

Consequently, 
Mdiff = ^2 l a »)( a «l ® A ™ + ^2 B n ® \a n ){a n \ +R, 
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with 
An 

B n 



a jl 
a jl 



R = J2 X c 



E C ™J C nl\ a m®Sj)(a n (g)Sl\ + 
+ tf m dV\ S 3® a rn){si®a n \- 

c rn j d^ n \ <x m ® Sj)(s/ <8> a„| + 

m,n,j } l 

+ dC j m 'Ci\ s ]®a m ){a n ®si\ 



Since tr[i?] = we get for the average success probability 



1 

Success = ^2 E( tr ^"] + tr [ B «]) 



(3.6) 



n=l 



The operators A n , B n have the form of positive sum of 
one-dimensional projectors, hence they are positive. 

Let us evaluate the mean value of operator M? = g T ® 
J — Mdiff in a pure state associated with the vector \sj ® 
a„). Due to the required positivity of M? we get the 
inequality 

< (sj <g> a n \M ? \ Sj <8 a n ) = {sj|p T - B„|sj) . (3.7) 
Similarly, also the inequality 



< (a n <g> sj\Mj\a„ ® s^) 
< (a„|p T |a n ) - (sj|A n |sj) 



(3.8) 



holds. These two inequalities can be used to bound the 
trace of the density operator g T as follows 

tr[£> T ] = J2{a n \g T \a n ) +^2(s j \g T \s j ) 

n j 

> ^2(s k \A n \s k ) +^2(sj\B m \sj) 

n j 

\J2A n \s k )+tr[B m }, (3.9) 



where we used the fact that by definition operators B m 
have support only on the symmetric subspace. The in- 
equality holds for all choices of k and m. Moreover, since 
tr[p T ] = 1 and B m is positive, i.e. tr[£? m ] > 0, we obtain 
that also 



J2 A ^) < 1 



(3.10) 



for all fc. Using these inequalities the success probability 
can be upper bounded as follows 

/ d+ d- d- N 



success 



d 2 
1 

d 1 



j=l n=l 



2J (gm| ^ A n \s m ) + tr[-g m ] 



j=d- + l n=l 



which proves the theorem. 



(3.11) 



□ 



A. Antisymmetric test states 

In what follows we shall design a process POVM sat- 
urating the upper bound on the success probability. In 
particular, for operators 



M diff = f T ® P. 



+ ■ 



Mi 



P_ 



(3.12) 



the success probability equals 



P, 



success 



1 

d 2 



tr[M, 



■ lurj = ^tr[e T ®P+] = ^, (3.13) 



hence the upper bound is saturated. Let us note that 
the state £ is not arbitrary, because the support of Mdiff 
must be orthogonal to support of Wr (see Eq. (|3.3[) ). It 
implies that the state £ has support only on antisymmet- 
ric subspace. We shall call such states antisymmetric. 
Similarly, if the support of a state is only in symmetric 
subspace we denote it as symmetric state. 

The form of PPOVM in Eq. (|3~T2"|) suggests that one 
possible experimental realization consists of the folowing 
steps: i) prepare a two-qudit antisymmetric state £; ii) 
insert each qudit into different black box; iii) measure a 
two-valued observable described by POVM F^is = P+ 
and F? = P_ , which identifies the exchange symmetry of 
the joint state of the two-qudit system. 

The test state £ is antisymmetric. If U = V the ac- 
tion of the apparatuses preserves the symmetry, i.e. the 
output state remains antisymmetric and in such case 
F? must be observed. For U =/= V the measurement 
outcome cannot be predicted with certainty, so both 
outcomes Fdie , F? have nonvanishing probability of oc- 
curence. However, if an outcome i*diff is observed, we 
can unambiguously conclude that U and V are different. 



B. Symmetric test states 

Alternatively, we can consider a process POVM 

Mdiff = £ T ® P- , M ? = £ T ® P+ (3.14) 
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satisfying all the constraints providing £ has support in 
the symmetric subspace. For this choice the success prob- 
ability reads 

Success - tr[£ T ® P_] = = ^li , (3.15) 

which is not optimal. Such PPOVM describes an ex- 
periment in which a " symmetric " test state is used. The 
same measurement is carried out as in the antisymmetric 
case, but the role of conclusive and inconclusive results 
is exchanged, i.e. F diff = P_ and F? = P + . 

As we have mentioned at the beginning of this paper 
one possibility how to tackle the problem of unambiguous 
comparison of unitary channels is to adopt the universal 
comparison machines for states. Consider a pair of uni- 
tary channels applied on independent systems initially 
prepared in the same state. If U = V, then the resulting 
states are still described by the same state. However, if 
U ^ V, then the output states can be different. That is 
the state comparator can be used to find out whether 
the output states are different, which means that the 
unitary channels are different as well. In the language 
of channel comparison the described strategy can be in- 
terpreted as a strategy with a symmetric factorized test 
state £ = \if(Snp)(ip(^ip\. Since the optimal state compari- 
son is based on projective measurement described by pro- 
jectors P±, the value of the success probability is given 
in Eq. ((3~T5]) . 

C. Uniqueness of optimal solution 

In previous paragraphs we have shown that optimal 
strategy for comparison of unitary channels saturates the 
upper bound on probability of success imposed by Theo- 
rem 1. It means that PPOVM elements of each optimal 
strategy have to saturate all inequalities used in proof of 
this theorem. Analyzing this fact we can characterize all 
optimal strategies. 

Theorem 2. If a process POVM {Mdig, M?} with nor- 
malization g T <E) Id unambiguously compares arbitrary 
pair of unitary channels with p succoss = > then 

M d[S = g T ®P+, M? = e T (g)P_, (3.16) 

where g is a state with a support belonging only to the 
antisymmetric subspace of Tid <8> T~ld ■ 

Proof. Saturation of inequality (|3.10| for k = d+ together 
with inequality (|3 . 9[) implies that tr[i?„] = for all n. 
Consequently, positivity of operators B n implies B n = 
for all n i.e. coefficients d" n vanish. This in turn requires 

(s k \J2 A n\s k ) = l (3.17) 

for all k. Using Eq. and Eq. (|5T7|) we get 

1 = J2( s k\ A n\s k ) < J2(a n \g T \a n ) < tr[g T ] = 1 , 

n n 



thus, ^2 n (an\0 T \cin} = 1. Due to positivity of g T we ob- 
tain (sj\g T \sj) = for all j. This tells us that g T has 
support only on antisymmetric states. Since the used 
transposition is defined with respect to a product ba- 
sis, the antisymmetric states preserve their antisymme- 
try, i.e. the state g is antisymmetric as it is stated in the 
theorem. 

Using the spectral form (13. 4|) and Eq. (|3.5[) we can 
rewrite Mdis as: 

M diS = ^C j ®\s j )(s j \+H, (3.18) 

3 

with 

a nm 

H = J2\ a c mjC^i\ a m^s 3 )(a n (E)Si\ 

We rewrite also the probability of success [Eq. (|3.1[) ] in 
terms of Cj and because the operator H is traceless we 
get 

^success = ^2 ^""^ tr[Cj]. (3.19) 

i 

Positivity of M? = g T <£> 1 — Y^j Cj ® \ s j)( s j I ~ H implies 
0< (a ® Sj\M ? \a ® sj) = (a\g T - C ' \a) , (3.20) 

where \a) is arbitrary vector from TLd- Hence, we have 
that operator g T —Cj is positive for all j and consequently 
that 1 = ti[g T ] > tr[Cj]. Saturation of inequality (|3.2p 
requires tr[Cj] = 1 for all j, which in turn implies tr[g T — 
Cj] = 0. This together with the positivity of operator 
g — Cj enables us to conclude that Cj = g T for all j. 
The operators Mdiff,M? therefore read 

M diff = g T ®P + +H, 
Mi = g T ®P--H . 

The support of the selfadjoint operator H is orthogonal 
to the support of the operator g T ® P- . Since H is trace- 
less it has both positive and negative eigenvalues unless 
H = O. However, positive eigenvalues of H would spoil 
positivity of M?, so the operator H must vanish, which 
concludes the proof. □ 

IV. CONCLUSIONS 

The goal of this paper was to find an optimal strategy 
for comparison of two unknown unitary channels. Ex- 
ploiting the framework of process POVM we have shown 
that the optimal strategy achieves the average condi- 
tional success probability p succoss = (d + l)/(2d). An 
interesting observation is that the optimal strategy for 
comparison of unitary channels is very closely related to 
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the comparison of pure states. In fact, the optimal state 
comparison is based on the implementation of the two- 
valued projective measurement measuring the exchange 
symmetry of the bipartite states. Outcomes are associ- 
ated with projectors P± onto symmetric and antisym- 
metric subspaces of the joint Hilbert space. The optimal 
procedure for the comparison of unitary channels is ex- 
ploiting the same measurement, but the outcomes are 
interpreted in the opposite way. Whereas for comparison 
of pure states the projector P + corresponds to the incon- 
clusive result, for unitaries this projector is associated 
with the unambiguous conclusion that the channels are 
different. Similarly, the projector P_ indicates the dif- 
ference of compared pure states, but corresponds to no 
conclusion for unitaries. In both cases, the unambigu- 
ous conclusion that the states, or unitaries are the same, 
cannot be made. 

Devices implementing quantum channels are tested in- 
directly via their action on quantum states. In the ex- 
periment the unknown apparatuses are probed by some 
test states. We have shown that the optimal solution is 
achieved if and only if the test state is antisymmetric, 
i.e. its support is only in antisymmetric subspace. Let 
us note that if a state is separable, then necessarily its 
support contains product vectors. However, by defini- 
tion there is no antisymmetric product vector, hence the 
support of each antisymmetric state does not contain any 
product vectors. Consequently, each antisymmetric state 
is necessarily entangled. In conclusion, the entanglement 
is the key ingredient for comparison of unitary channels. 
It enhances the success probability to reach the optimal 
value. 

Let us note that the proposed optimal strategy is fea- 
sible in current quantum information experiments with 
photons and ions. In particular, in the qubit version the 
experiment consists of preparation of a singlet, applica- 
tion of the unknown single-qubit unitary channels on in- 
dividual qubits and a projective measurement consisting 
of the projection onto a singlet, or arbitrary other maxi- 
mally entangled state. As the measurement we can use, 
for instance, the Bell measurement, but it is not neces- 
sary. Moreover, for the comparison of few qubit unitary 
channels mixed test states are allowed. 
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APPENDIX A: AVERAGE UNITARY CHANNEL 

In this section we shall prove that the action of the 
average unitary channel can be expressed as 

A[X)= j dUUXtf = ^p-I, (Al) 

JU{d) « 

where dU is the unique Haar invariant measure defined 
on the group of unitary operators U(d). By definition 
the image A[X] of any operator X must commute with 
all unitary operators, i.e. L4[X], U] = for all U £ U(d). 
The Schurr lemma implies that A[X] — c(X)I. The 
transformation A is by definition trace-preserving. That 
is, tv[X] = c(X)tr[7] = c(X)d. It follows that c{X) = 
tx[X]/d, hence the Eq. fATj) holds. 

APPENDIX B: TWIRLING CHANNEL 

We shall prove that the action of the twirling channel 
T[X)= f dU U <g> UXlft <8> CTt , (Bl) 

JU(d) 

on selfadjoint operators X takes the form 

r , trfXP+1 ti\XP_] , s 

T[X] = 1 , +J P+ + — l - -P_ . (B2) 

d+ d- 

The properties of Haar invariant measure dU implies 
that the operator T[X] commutes with all unitary oper- 
ators of the type U ®U . If A is selfadjoint, then T[X] 
is also selfadjoint and T[X] = ^2jXjPj, where x j are 
real eigenvalues and Pj are the corresponding eigenpro- 
jectors. The commutation of T[X] with unitaries U <g> U 
implies that [Pj,U <g> {/] = for all U. The subspaces 
Hj = Pj(H d <8> H d ) = {ip EHd®H d such that Pjip = i/>} 
are invariant under the action of operators U ®U . 

It turns out there are only two invariant subspaces of 
Ti-d <S> Ti-d - symmetric and antisymmetric subspace. A 
vector tp 6 Tid ® H.^ is called symmetric (antisymmetric) 
if Sip = iip, respectively, where S is the swap operator. 
Let us denote by P± the projectors onto the symmetric 
and antisymmetric subspaces, respectively. Consider an 
orthonormal basis of TLd composed of vectors tpi, . . . , tpd- 
Defining the vectors ipj±k = ^(fj ® <Pk ± <fik ® <Pj) for 
j =/= k, tpj+j = tpj ® (pj and ipj—j — we can write 

p±=X>i±*><ik±ki. ( B3 ) 

jk 

Let us note that vectors ipj±k (j,k = 1, . . . , d) are forming 
an orthonormal basis of Hd <8> H-d and Sif)j±k = ±i/)j±k- 
It follows that the dimensions of symmetric and antisym- 
metric subspaces are d± = d(d± l)/2, respectively. As a 
result we obtain that 

T[X] = a+ (X)P+ + a_ (X)P_ (B4) 
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is the spectral form of T[X]. In order to verify that 
Eq. (|Bl[) and Eq. (|B2[) define the same mapping, it is suf- 
ficient to verify their actions on elements of arbitrary 
operator basis. We shall use an orthonormal operator 
basis consisting of operators Ej±i e , m ± n = \^j±k){^m±n\- 
According to Eq.jB4| ta^TLY]] = for arbitrary 
operator Y orthogonal to P±, i.e. tr [YtP±] = 0. 
This identity holds for both expressions of T. Con- 
sequently, it is sufficient to verify that the values of 
A = tv[P±T[Ej±k^ m ± n \] coincide for both expressions 
of the twirling channel given in Eq. (|Bl[) and in Eq.jB2|. 
Direct calculation gives 



A = tr[P± / dU U ® UE j±k , m±n U^ ® CTt] 

JU(d) 

= tr[E j±k , m ±n [ dUU® UP±U^ ® f/t] 

Ju(d) 



>U(d) 



and, simultaneuously, 



A = tl[Ej±k r ±nP+] tT[P ± P + ] + tT i E ^±nP-} ti[p±p _ 



d+ 



d- 



That is, the Eqs. (IB2|) and (|B1|) determine the same chan- 
nel. 
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